This paper considers the globally exponential synchronization (GES) of the family of Rössler chaotic systems. One pair of the six transmitter-receiver systems is specifically studied, and algebraic criterion for the GES is obtained via proper nonlinear feedback controls. Based on the study of the systems' structures, appropriate Lyapunov functions are constructed for error systems. The method presented in this paper provides a convenient tool in the practical use of chaos control and synchronization. Numerical simulations are provided to demonstrate the theoretical results.
Introduction
It is well known that the Lorenz chaotic attractor has led to a new era in the study of chaos and its applications. Since the 1960s, based on the Lorenz system, physicists, mathematicians and many researchers from other disciplines extensively investigated the dynamical property of chaotic systems.
Because chaos is very sensitive to initial conditions, for quite a long period, people thought that chaos was not predictable, and two same type chaotic systems could not be synchronized.
However, the developments in this area in 1990's have completely changed the situation. These developments include the OGY method [Ott et al., 1990] , and in particular, the concept of chaos synchronization and its application in secure communication proposed by Pecora and Carroll [1990] . These studies have indeed generated a high tide in the research of chaos in the past two decades and many good results have been obtained (e.g. see [Liao, 1993; Chen & Dong, 1993; Curran & Chua, 1997; Chen, 2000; Fang, 1996 Fang, , 2001 Lü et al., 2002; Zhou et al., 2002; Tao et al., 2002; Guan et al., 2002; Liao, 2002; Liao et al., 2002; Chen & Lü, 2003; Liao & Chen, 2003a , 2003b Liao et al., 2005a Liao et al., , 2005b Liao & Yu, 2005] ). Nevertheless, most of the results are based on particular chaotic systems such as the Lorenz system, Chen system, Lü system, Chua's circuit, etc. Not much has been achieved on the synchronization of the classical Rössler chaotic systems [Rössler, 1976 [Rössler, , 1979 . Among the different methods of chaos synchronization, the most common and applicable approach is no doubt the linear feedback control, which is simple and easy to realize in practice. However, this approach requires either that the chaotic system satisfies global Lipschitz condition (e.g. for Chua's circuit), or that the chaotic system is globally and ultimately bounded (i.e. there exists a global attractive compact set for such a system, which is also called global dissipative, like the Lorenz system). Unfortunately, many chaotic attractors found so far, in particular the Rössler attractor, do not have the above two mentioned properties. Moreover, the Lorenz system, Chen system and Lü system have certain "symmetry", i.e. the two nonlinear terms appear in two different equations, and thus a linear feedback control may be employed so that the two nonlinear terms can cancel each other. But the Rössler systems, unlike the Lorenz system, have only one nonlinear term involved in only one equation, which causes the main difficulty in the study of chaos synchronization for Rössler systems. This is perhaps why not much has been achieved regarding the global behavior of Rössler systems. Under the hypothesis that a Rössler system has a global boundary, some results on global property have been obtained. However, the theoretical foundation for such a hypothesis has not been established [Liao & Chen, 2003a] .
Therefore, for a Rössler system, it is very difficult (if not impossible) to apply a linear feedback control to achieve global synchronization, and nonlinear feedback control must be used. However, to design a nonlinear feedback control as simple as possible is not an easy task, and needs experience and technical skills. For example, the Lyapunov direct method is a most general approach for studying the global stability of nonlinear systems, however there does not exist general rules for constructing Lyapunov functions. One has to use one's own experience and carefully consider the structure of the nonlinear system to get a possible idea for the construction of Lyapunov functions. In this paper, we shall construct appropriate Lyapunov functions to study chaos synchronization of six classical Rössler systems, and derive explicit feedback control laws such that two same type Rössler systems are globally synchronized with exponential convergence rate. The constructive algebraic criteria given in this paper provide a new tool for the study of chaos synchronization and its applications. This paper is focused on the study of the global exponential synchronization (GES) of the six classical double Rössler systems, and the rest of the paper is organized as follows. The six typical Rössler systems are given in the next section and then one of them, as an illustration, is particularly studied. Numerical simulation results are presented in Sec. 3 to demonstrate the theoretical predictions. Conclusion and discussion are drawn in Sec. 4.
The Family of Rössler Systems
O. E. Rössler studied six types of chaotic systems [Rössler, 1976 [Rössler, , 1979 , which are now called the family of Rössler systems. In the following, we first list the equations of the six chaotic systems, and then consider one of them in detail.
The six Rössler systems are given below.
Here, the dot denotes differentiation with respect to time t, and a, b, c, d, f, h are adjustable coefficients. Now, consider the first type of Rössler system [Rössler, 1976] as a transmitter system:
where the subscript "d" stands for the transmitter system; and the constants are chosen as a = b = 0.2, 3 ≤ c ≤ 11.
Suppose the receiver system associated with the transmitter system (1) with feedback controls is given as follows:
where the subscript "r" represents the receiver system, and u i 's are linear or nonlinear functions of
Let
and thus, e(t) = (e x (t), e y (t), e z (t)) T = (e x (t, t 0 , e(t 0 )), e y (t, t 0 , e(t 0 )), e z (t, t 0 , e(t 0 ))) T .
Then, subtracting Eq. (2) from Eq. (1) yields the following error system:
Before we give a theorem for the GES of systems (1) and (2), we introduce the following definition and a lemma for convenience in the following analysis. Definition 1. For an arbitrarily given initial point of the transmitter system (1), (
and a corresponding initial point of the receiver system (2), (x r (0), y r (0), z r (0)) ∈ R 3 , the solution for the error system (3) has the following estimation:
where K(e(t 0 )) > 0 is a constant depending on the initial value e(t 0 ), and α > 0 is a constant independent of e(t 0 ). 
where λ min (P ) and λ max (P ) represent, respectively, the minimum and maximum eigenvalues of P, and λ max (Q) denotes the maximum eigenvalue of Q.
Proof. Due to the symmetry of P , we have
which, in turn, results in
Remarks
(1) The Lyapunov function V for global and asymptotic stability (exponentially stable) is required to be radially unbounded. Since the Lyapunov function V given above is a positive, definite quadratic form, it must be radially unbounded. (2) Although Lemma 1 is established on the basis of Eq. (3), it does not depend on the special values of the parameters in Eq. (3), and thus it is generally applicable. That is, Lemma 1 can be employed to consider other five Rössler systems.
Now we return to systems (1) and (2), and have the following theorem. (1), if one of the following three feedback controls is chosen for the receiver system (2):
Theorem 1. For the first type of Rössler chaotic transmitter system
where k 1 > 0 and k 2 > a, then the zero solution of the error system (3) is globally, exponentially stable, and thus the two systems (1) and (2) are globally, exponentially synchronized.
Proof. Consider the first control and construct the positive definite, quadratic form of Lyapunov function:
z , which implies that P = diag(1, 1, 1) and thus λ min (P ) = λ max (P ) = 1. Then, we have
x − 2z r e x e z + 2e x e z + 2e x e y + 2ae
. Therefore, by Lemma 1, we obtain the following exponential estimation:
For the second control, one may use the same Lyapunov function given above to similarly prove that the conclusion is also true, and the details are omitted for simplicity.
For the third control, we again take the same Lyapunov function and obtain dV dt = 2e xėx + 2e yėy + 2e zėz = −2e x e y − 2e x e z − 2k 1 e 2 x + 2e x e y + 2ae
, same as that for the first control. Thus, by Lemma 1, we still have the same estimation (7) for the third control.
Remarks
(3) In general, mathematically one can easily obtain nonlinear feedback control laws for synchronization of chaotic systems. For example, let two same type chaotic systems be in the form
, then let the control u be taken as
where e = x d − x r and A is a stable matrix. Then the error system is given bẏ Hence, the error e globally, exponentially converges to zero under the nonlinear control u. However, such a "natural" control is, of course, not a simple control because it uses the whole system function f twice. For our error system (3), according to Lemma 1, we need to find the matrices P and Q such that V = e T P e > 0 and dV/dt = e T Q e < 0 for e = 0. The simplest P and Q are diagonal ones. Thus, we choose P = diag (1, 1, 1 
To have Q in the form of a diagonal matrix, the simple choices for the controls are:
which is the first control law given in Eq. (6). Thus, under this choice of control, 1 2
satisfying the requirement. In order to have a further comparison, we consider the third control law given in Eq. (6) and the "natural" con-
. By choosing a simple form for A, say, A = diag(−1, −1, −1), we have the "natural" control for the first type of Rössler system, given by
Comparing the above control law with the third control law given in Eq. (6) shows that although both u 3 in these two controllers have similar two nonlinear terms, the controls u 1 and u 2 of the third control law given in Eq. (6) are simpler than that of the "natural" control law.
Certainly, here we have no intention to claim that our control laws given in Eq. (6) are the simplest among all possible nonlinear controls, but definitely they are simple controls. (4) In practice, generally a linear controller is easier to be implemented than a nonlinear controller. However, the nonlinear control laws developed in this paper for the family of Rössler systems are all only up to and including quadratic terms. The operation for multiplying two terms is not difficult to be implemented in an electrical circuit. In fact, there exist chips (e.g. AD632AD) designed for such multiplications, and has been used in the design of analog circuit of the well-known Lorenz equation [Cuomo & Oppenheim, 1993] .
Other five types of Rössler systems can be similarly considered and nonlinear control laws are obtained accordingly. The details are omitted here. We list the control laws below.
(II)
(1)
where k 2 > b and k 3 > 0;
where k 1 , k 2 > 0.
Numerical Simulation Results
In this section, we apply numerical simulation, based on a fourth-order Runge-Kutta method, to illustrate the theoretical results obtained in the previous section. The simulations are obtained directly from the original transmitter and receiver systems, rather than from the error systems. For each of the six Rössler systems we shall present one numerical example including both uncontrolled and controlled cases.
The parameter values used in [Rössler, 1976] for the numerical simulation of the first type of Rössler system are a = b = 0.2, c = 5.7. Here we take a = b = 0.2, but c = 5.0 to show the results similar to that obtained in [Rössler, 1976] . The numerical simulation results obtained from Eqs. (1) and (2) indeed clearly indicates that the error e x (and e y and e z as well, which are not shown in Fig. 1 ) converges to zero exponentially. It has been noted that the global synchronization using feedback controls can be achieved even when trajectories diverge to infinity. In other words, the global exponential stability for the error system holds regardless of the dynamical behavior of the system. For example, when the value of parameter a is changed from a = 0.2 to a = 0.5 while b and c are kept unchanged, the trajectory of the system diverges to infinity, starting from the same initial point, as shown in Fig. 1(c) . When the same control, but with k 2 = 0.7, is applied to the receiver system (2), the error e x again converges to zero exponentially, see Fig. 1(d) .
For the second type of Rössler system, we choose a = 0.5, b = 0.4 and c = 4.5 which were used by Rössler [1979] . The chaotic attractor obtained from the transmitter system is shown in Fig. 2(a) , a projection on the x d − y d plane. When the first control law for this system, with k 1 = 0.3 and k 2 = 0.7 is applied to the receiver system, the error signal e x converges to zero, as shown in Fig. 2(b) .
For the third type of Rössler system, we take a = 0.1, b = 0.08 and c = 0.125 for simulation, which were also used by Rössler [1979] . We apply the first control law for this system with k 1 = 1.2. The projection of the chaotic attractor on the x d − y d plane, obtained from the transmitter system, is shown in Fig. 3(a) . When the first control is applied to the receiver system, the GES is achieved, as shown in Fig. 3(b) where the error signal e x converges to zero exponentially. For the fourth type of Rössler system, the parameter values used by Rössler [1979] are:
and the corresponding simulation result was obtained by Rössler (given in Fig. 8 of [Rössler, 1979] that no chaos exists for the set of parameter values given by Eq. (8), and in fact, trajectories from any initial points diverge to infinity, as shown in Fig. 4 . This suggests that the simulation result given in [Rössler, 1979] for the fourth type of Rössler system using parameter values given in (8) contains mistakes. It should be pointed out that the numerical simulation results presented in this paper with no control for all the six, but the fourth type, cases agree with that given in [Rössler, 1979] , though we have used different initial points and different parameter values for some cases.
We have carefully adjusted b and c to find the following set of parameter values:
for which the fourth type of Rössler system exhibits a chaotic attractor which is different from the butterfly attractor, as shown in Fig. 5 , where the initial point takes the same values used by Rössler [1979] . The simulation results are obtained using a time step 0.0001 for an executing time t = 2200 so that the transient period is completely over. These results are confirmed by using Matlab software. Figures 5(a) -5(c) depict the chaotic attractor obtained from the transmitter system, in which three projections are given in three different coordinate planes. We have also calculated the Lyapunov exponents for this chaotic system and found that the largest Lyapunov exponent is about λ = 6.30, confirming the observation. The first feedback control law for this system is applied to the receiver system, with the control parameter values: k 2 = 0.5 and k 3 = 0.3. The initial point for the receiver system is arbitrarily taken as (x r (0), y r (0), y r (0), z r (0)) = (10.0, −2.0, 300), which is different from that of the transmitter system. In fact, it has been noticed that under the above initial conditions, the receiver system, unlike the transmitter system exhibiting chaotic motions, does not have chaos, but diverges to infinity. However, with the feedback control applied to the receiver system, synchronization is still achieved, as shown in Fig. 5(d) in which the error signal e x indeed converges to zero exponentially.
The fifth type of Rössler system has two possible feedback controls. The parameter values are chosen as a = 0.386, b = 0.2 which was used in [Rössler, 1979] . For the initial points ( which is just slightly different from the above one, then the trajectory obtained from the transmitter system, as depicted in Fig. 6(c) , diverges to infinity. However, under the same control, the pair of transmitter-receiver systems again become synchronized, as the error e x (and e y , e z as well) converges to zero exponentially, see Fig. 6(d) . In fact, without the feedback control, when the initial condition (x r (0), y r (0), z r (0)) = (−2.3, 3.5, 5.7) is chosen for the receiver system, the trajectory obtained from the receiver system does not show chaos, but a diverging solution. Finally, consider the higher-order Rössler system. The parameter values used by Rössler for the numerical simulation [Rössler, 1979] 
